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General U(N) gauge transformations in the
realm of covariant Hamiltonian field theory
Ju¨rgen Struckmeier and Hermine Reichau
Abstract A consistent, local coordinate formulation of covariant Hamiltonian field
theory is presented. While the covariant canonical field equations are equivalent to
the Euler-Lagrange field equations, the covariant canonical transformation theory
offers more general means for defining mappings that preserve the action functional
— and hence the form of the field equations — than the usual Lagrangian descrip-
tion. Similar to the well-known canonical transformation theory of point dynamics,
the canonical transformation rules for fields are derived from generating functions.
As an interesting example, we work out the generating function of type F2 of a gen-
eral local U(N) gauge transformation and thus derive the most general form of a
Hamiltonian density H3 that is form-invariant under local U(N) gauge transforma-
tions. As a result, a generalized gauge-invariant Dirac-Lagrangian L3 is obtained
that includes the description of Pauli-coupling of an N-tuple of fermions with the
set of bosonic gauge fields.
1 Covariant Hamiltonian density
In field theory, the usual definition of a Hamiltonian density emerges from a Leg-
endre transformation of a Lagrangian density L that only maps the time derivative
∂tφ of a field φ(t,x,y,z) into a corresponding canonical momentum variable, pit .
Taking then the spatial integrals, we obtain a description of the field dynamics that
corresponds to that of point dynamics. In contrast, a fully covariant Hamiltonian
description treats space and time variables on equal footing[1, 2]. If L is a Lorentz
scalar, this property is passed to the covariant Hamiltonian. Moreover, this descrip-
Ju¨rgen Struckmeier
Frankfurt Institute for Advanced Studies (FIAS)
Ruth-Moufang-Str. 1, 60438 Frankfurt am Main, Germany
e-mail: struckmeier@fias.uni-frankfurt.de
1
2 Ju¨rgen Struckmeier and Hermine Reichau
tion enables us to derive a consistent theory of canonical transformations in the
realm of classical field theory.
1.1 Covariant canonical field equations
The transition from particle dynamics to the dynamics of a continuous system
is based on the assumption that a continuum limit exists for the given physical
problem[3]. This limit is defined by letting the number of particles involved in the
system increase over all bounds while letting their masses and distances go to zero.
In this limit, the information on the location of individual particles is replaced by the
value of a smooth function φ(x) that is given at a spatial location x1,x2,x3 at time
t ≡ x0. The differentiable function φ(x) is called a field. In this notation, the index
µ runs from 0 to 3, hence distinguishes the four independent variables of space-
time xµ ≡ (x0,x1,x2,x3) ≡ (t,x,y,z), and xµ ≡ (x0,x1,x2,x3) ≡ (t,−x,−y,−z). We
furthermore assume that the given physical problem can be described in terms of
a set of I = 1, . . . ,N — possibly interacting — scalar fields φI(x) or vector fields
AI = (A
0
I ,A
1
I ,A
2
I ,A
3
I ), with the index “I” enumerating the individual fields. In order
to clearly distinguish scalar quantities from vector quantities, we denote the latter
with boldface letters. Throughout the article, the summation convention is used.
Whenever no confusion can arise, we omit the indexes in the argument list of func-
tions in order to avoid the number of indexes to proliferate.
The Lagrangian description of the dynamics of a continuous system is based on
the Lagrangian density function L that is supposed to carry the complete informa-
tion on the given physical system. In a first-order field theory, the Lagrangian density
L is defined to depend on the φI , possibly on the vector of independent variables
x, and on the four first derivatives of the fields φI with respect to the independent
variables, i.e., on the 1-forms (covectors)
∂ φI ≡ (∂tφI ,∂xφI ,∂yφI ,∂zφI).
The Euler-Lagrange field equations are then obtained as the zero of the variation δS
of the action integral
S =
∫
L (φI ,∂ φI ,x)d
4x (1)
as[3]
∂
∂xα
∂L
∂ (∂α φI)
−
∂L
∂φI
= 0. (2)
To derive the equivalent covariantHamiltonian description of continuum dynamics,
we first define for each field φI(x) a 4-vector of conjugate momentum fields pi
µ
I (x).
Its components are given by
pi
µ
I =
∂L
∂ (∂µ φI)
≡
∂L
∂
(
∂φI
∂xµ
) . (3)
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The 4-vector pi I is thus induced by the Lagrangian L as the dual counterpart of
the 1-form ∂ φI . For the entire set of N scalar fields φI(x), this establishes a set
of N conjugate 4-vector fields. With this definition of the 4-vectors of canonical
momenta pi I(x), we can now define the Hamiltonian density H (φI ,pi I,x) as the
covariant Legendre transform of the Lagrangian density L (φI ,∂ φI ,x)
H (φI ,pi I,x) = pi
α
J
∂φJ
∂xα
−L (φI ,∂ φI ,x). (4)
In order for the Hamiltonian H to be valid, we must require the Legendre trans-
formation to be regular, which means that for each index “I” the Hesse matrices
(∂ 2L /∂ (∂ µφI)∂ (∂ν φI)) are non-singular. This ensures that by means of the Leg-
endre transformation, the Hamiltonian H takes over the complete information on
the given dynamical system from the LagrangianL . The definition ofH by Eq. (4)
is referred to in literature as the “De Donder-Weyl” Hamiltonian density.
Obviously, the dependencies of H and L on the φI and the x
µ only differ by a
sign,
∂H
∂xµ
∣∣∣∣
expl
=−
∂L
∂xµ
∣∣∣∣
expl
,
∂H
∂φI
=−
∂L
∂φI
=−
∂
∂xα
∂L
∂ (∂α φI)
=−
∂piαI
∂xα
.
These variables thus do not take part in the Legendre transformation of Eqs. (3),
(4). Thus, with respect to this transformation, the Lagrangian density L represents
a function of the ∂µφI only and does not depend on the canonical momenta pi
µ
I ,
whereas the Hamiltonian density H is to be considered as a function of the pi
µ
I
only and does not depend on the derivatives ∂µ φI of the fields. In order to derive the
second canonical field equation, we calculate from Eq. (4) the partial derivative of
H with respect to pi
µ
I ,
∂H
∂pi
µ
I
= δIJ δ
α
µ
∂φJ
∂xα
=
∂φI
∂xµ
⇐⇒
∂L
∂ (∂µφI)
= piαJ δJI δ
µ
α = pi
µ
I .
The complete set of covariant canonical field equations is thus given by
∂H
∂pi
µ
I
=
∂φI
∂xµ
,
∂H
∂φI
=−
∂piαI
∂xα
. (5)
This pair of first-order partial differential equations is equivalent to the set of second-
order differential equations of Eq. (2). We observe that in this formulation of the
canonical field equations, all coordinates of space-time appear symmetrically —
similar to the Lagrangian formulation of Eq. (2). Provided that the Lagrangian
density L is a Lorentz scalar, the dynamics of the fields is invariant with respect
to Lorentz transformations. The covariant Legendre transformation (4) passes this
property to the Hamiltonian density H . It thus ensures a priori the relativistic in-
variance of the fields that emerge as integrals of the canonical field equations if L
— and hence H — represents a Lorentz scalar.
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2 Canonical transformations in covariant Hamiltonian field
theory
The covariant Legendre transformation (4) allows us to derive a canonical transfor-
mation theory in a way similar to that of point dynamics. The main difference is that
now the generating function of the canonical transformation is represented by a vec-
tor rather than by a scalar function. The main benefit of this formalism is that we are
not dealing with plain transformations. Instead, we restrict ourselves right from the
beginning to those transformations that preserve the form of the action functional.
This ensures all eligible transformations to be physical. Furthermore, with a gener-
ating function, we not only define the transformations of the fields but also pinpoint
simultaneously the corresponding transformation law of the canonical momentum
fields.
2.1 Generating functions of type F 1(φ ,Φ ,x)
Similar to the canonical formalism of point mechanics, we call a transformation of
the fields (φ ,pi) 7→ (Φ ,Π ) canonical if the form of the variational principle that is
based on the action functional (1) is maintained,
δ
∫
R
(
piαI
∂φI
∂xα
−H (φ ,pi ,x)
)
d4x
!
= δ
∫
R
(
Π αI
∂ΦI
∂xα
−H ′(Φ ,Π ,x)
)
d4x. (6)
Equation (6) tells us that the integrands may differ by the divergence of a vector
field F
µ
1 , whose variation vanishes on the boundary ∂R of the integration region R
within space-time
δ
∫
R
∂Fα1
∂xα
d4x= δ
∮
∂R
Fα1 dSα
!
= 0.
The immediate consequence of the form invariance of the variational principle is the
form invariance of the covariant canonical field equations (5)
∂H ′
∂Π
µ
I
=
∂ΦI
∂xµ
,
∂H ′
∂ΦI
=−
∂Π αI
∂xα
.
For the integrands of Eq. (6) — hence for the Lagrangian densities L and L ′ —
we thus obtain the condition
L = L ′+
∂Fα1
∂xα
piαI
∂φI
∂xα
−H (φ ,pi ,x) = Π αI
∂ΦI
∂xα
−H ′(Φ ,Π ,x)+
∂Fα1
∂xα
. (7)
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With the definition F
µ
1 ≡ F
µ
1 (φ ,Φ ,x), we restrict ourselves to a function of exactly
those arguments that now enter into transformation rules for the transition from the
original to the new fields. The divergence of F
µ
1 writes, explicitly,
∂Fα1
∂xα
=
∂Fα1
∂φI
∂φI
∂xα
+
∂Fα1
∂ΦI
∂ΦI
∂xα
+
∂Fα1
∂xα
∣∣∣∣
expl
. (8)
The rightmost term denotes the sum over the explicit dependence of the generating
function F
µ
1 on the x
ν . Comparing the coefficients of Eqs. (7) and (8), we find the
local coordinate representation of the field transformation rules that are induced by
the generating function F
µ
1
pi
µ
I =
∂F
µ
1
∂φI
, Π
µ
I =−
∂F
µ
1
∂ΦI
, H ′ = H +
∂Fα1
∂xα
∣∣∣∣
expl
. (9)
The transformation rule for the Hamiltonian density implies that summation over α
is to be performed. In contrast to the transformation rule for the Lagrangian density
L of Eq. (7), the rule for the Hamiltonian density is determined by the explicit
dependence of the generating function F
µ
1 on the x
ν . Hence, if a generating function
does not explicitly depend on the independent variables, xν , then the value of the
Hamiltonian density is not changed under the particular canonical transformation
emerging thereof.
Differentiating the transformation rule for pi
µ
I with respect to ΦJ , and the rule
for Π
µ
J with respect to φI , we obtain a symmetry relation between original and
transformed fields
∂pi
µ
I
∂ΦJ
=
∂ 2F
µ
1
∂φI∂ΦJ
=−
∂Π
µ
J
∂φI
.
The emerging of symmetry relations is a characteristic feature of canonical transfor-
mations. As the symmetry relation directly follows from the second derivatives of
the generating function, is does not apply for arbitrary transformations of the fields
that do not follow from generating functions.
2.2 Generating functions of type F 2(φ ,Π ,x)
The generating function of a canonical transformation can alternatively be expressed
in terms of a function of the original fields φI and of the new conjugate fields Π
µ
I .
To derive the pertaining transformation rules, we perform the covariant Legendre
transformation
F
µ
2 (φ ,Π ,x) = F
µ
1 (φ ,Φ ,x)+ΦJΠ
µ
J , Π
µ
I =−
∂F
µ
1
∂ΦI
. (10)
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By definition, the functions F
µ
1 and F
µ
2 agree with respect to their φI and x
µ depen-
dencies
∂F
µ
2
∂φI
=
∂F
µ
1
∂φI
= pi
µ
I ,
∂Fα2
∂xα
∣∣∣∣
expl
=
∂Fα1
∂xα
∣∣∣∣
expl
= H ′−H .
The variables φI and x
µ thus do not take part in the Legendre transformation from
Eq. (10). Therefore, the two F
µ
2 -related transformation rules coincide with the re-
spective rules derived previously from F
µ
1 . As F
µ
1 does not depend on the Π
µ
I
whereas F
µ
2 does not depend on the the ΦI , the new transformation rule thus fol-
lows from the derivative of F
µ
2 with respect to Π
ν
J as
∂F
µ
2
∂Π νI
= ΦJ
∂Π
µ
J
∂Π νI
= ΦJ δIJ δ
µ
ν .
We thus end up with set of transformation rules
pi
µ
I =
∂F
µ
2
∂φI
, ΦI δ
µ
ν =
∂F
µ
2
∂Π νI
, H ′ = H +
∂Fα2
∂xα
∣∣∣∣
expl
, (11)
which is equivalent to the set (9) by virtue of the Legendre transformation (10) if
the matrices (∂ 2F
µ
1 /∂φI∂ΦJ) are non-singular for all indexes “µ”. From the second
partial derivations of F
µ
2 one immediately derives the symmetry relation
∂pi
µ
I
∂Π νJ
=
∂ 2F
µ
2
∂φI∂Π
ν
J
=
∂ΦJ
∂φI
δ
µ
ν ,
whose existence characterizes the transformation to be canonical.
3 Examples for Hamiltonian densities in covariant field theory
We present some simple examples Hamiltonian densities as they emerge from La-
grangian densities of classical Lagrangian field theory. It is shown that resulting
canonical field equations are equivalent to the corresponding Euler-Lagrange equa-
tions.
3.1 Klein-Gordon Hamiltonian density for complex fields
We first consider the Klein-Gordon Lagrangian density LKG for a complex scalar
field φ that is associated with mass m (see, for instance, Ref. [4]):
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LKG
(
φ ,φ∗,∂ µφ ,∂µ φ
∗
)
=
∂φ∗
∂xα
∂φ
∂xα
−m2φ∗φ .
Herein, φ∗ denotes complex conjugate field of φ . Both quantities are to be treated as
independent. With [L] denoting the dimension of “length,” we have with h¯= c= 1,
i.e. in “natural units”, [L ] = [L]−4, [m] = [L]−1, and [∂µ ] = [L]
−1 so that [φ ] = [L]−1.
The Euler-Lagrange equations (2) for φ and φ∗ follow from this Lagrangian density
as
∂ 2
∂xα ∂xα
φ∗ =−m2 φ∗,
∂ 2
∂xα ∂xα
φ =−m2φ . (12)
As a prerequisite for deriving the corresponding Hamiltonian densityHKG we must
first define from LKG the conjugate momentum fields,
pi µ =
∂LKG
∂
(
∂µφ∗
) = ∂φ
∂xµ
, pi∗µ =
∂LKG
∂ (∂ µ φ)
=
∂φ∗
∂xµ
,
which means that [pi µ ] = [L]−2. The determinant of the Hesse matrix does not vanish
for the actual Lagrangian LKG since
det
(
∂ 2LKG
∂ (∂ µ φ)∂ (∂νφ∗ )
)
= det
(
∂pi∗µ
∂ (∂νφ∗ )
)
= det
(
δ νµ
)
= 1.
This condition is always satisfied if the Lagrangian density L is quadratic in the
derivatives of the fields. The Hamiltonian density H then follows as the Legendre
transform of the Lagrangian density
H (pi µ ,pi∗µ ,φ ,φ
∗) = pi∗α
∂φ
∂xα
+
∂φ∗
∂xα
piα −L (∂ µφ ,∂µ φ
∗,φ ,φ∗),
thus [H ] = [L ] = [L]−4. The Klein-GordonHamiltonian densityHKG is then given
by
HKG(piµ ,pi
∗
µ ,φ ,φ
∗) = pi∗α pi
α +m2φ∗φ . (13)
For the Hamiltonian density (13), the canonical field equations (5) provide the fol-
lowing set of coupled first order partial differential equations
∂φ∗
∂xµ
=
∂HKG
∂pi µ
= pi∗µ ,
∂φ
∂xµ
=
∂HKG
∂pi∗µ
= pi µ
−
∂pi∗α
∂xα
=
∂HKG
∂φ
= m2φ∗, −
∂piα
∂xα
=
∂HKG
∂φ∗
= m2φ .
In the first row, the canonical field equations for the scalar fields φ and φ∗ reproduce
the definitions of the momentum fields pi µ and pi∗µ from the Lagrangian density
LKG. Eliminating the pi
µ , pi∗µ from the canonical field equations then yields the
Euler-Lagrange equations of Eq. (12).
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3.2 Maxwell’s equations as canonical field equations
The Lagrangian density LM of the electromagnetic field is given by
LM(a,∂a,x) =−
1
4
fαβ f
αβ − jα(x)aα , fµν =
∂aν
∂xµ
−
∂aµ
∂xν
. (14)
Herein, the four components aµ of the 4-vector potential a now take the place of the
scalar fields φI ≡ a
µ in the notation used so far. The Lagrangian density (14) thus
entails a set of four Euler-Lagrange equations, i.e., an equation for each component
aµ . The source vector j = (ρ , jx, jy, jz) denotes the 4-vector of electric currents
combining the usual current density vector ( jx, jy, jz) of configuration space with
the charge density ρ . In a local Lorentz frame, i.e., in Minkowski space, the Euler-
Lagrange equations (2) take on the form,
∂
∂xα
∂LM
∂ (∂αaµ)
−
∂LM
∂aµ
= 0, µ = 0, . . . ,3. (15)
With LM from Eq. (14), we obtain directly
∂ f µα
∂xα
+ jµ = 0. (16)
In Minkowski space, this is the tensor form of the inhomogeneous Maxwell equa-
tion. In order to formulate the equivalent Hamiltonian description, we first define,
according to Eq. (3), the canonically field components pµν as the conjugate objects
of the derivatives of the 4-vector potential a
pµν =
∂LM
∂ (∂νaµ)
≡
∂LM
∂aµ,ν
(17)
With the particular Lagrangian density (14), Eq. (17) means
fαβ = aβ ,α − aα ,β
pµν =− 1
4
(
∂ fαβ
∂aµ,ν
f αβ +
∂ f αβ
∂aµ,ν
fαβ
)
=− 1
2
∂ fαβ
∂aµ,ν
f αβ
=− 1
2
(
δ
µ
β
δ να − δ
µ
α δ
ν
β
)
f αβ = 1
2
( f µν − f νµ)
= f µν .
The tensor pµν thus matches exactly the electromagnetic field tensor f µν from
Eq. (14) and hence inherits the skew-symmetry of f µν because of the particular
dependence of LM on the aµ,ν ≡ ∂aµ/∂x
ν .
As the Lagrangian density (14) now describes the dynamics of a vector field, aµ ,
rather than a set of scalar fields φI , the canonical momenta p
µν now constitute a sec-
ond rank tensor rather than a vector. The Legendre transformation corresponding to
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Eq. (4) then comprises the product pαβ ∂βaα . The skew-symmetry of the momen-
tum tensor pµν picks out the skew-symmetric part of ∂νaµ as the symmetric part of
∂νaµ vanishes identically calculating the product p
αβ ∂βaα
pαβ
∂aα
∂xβ
= 1
2
pαβ
(
∂aα
∂xβ
−
∂aβ
∂xα
)
︸ ︷︷ ︸
= fβα
+ 1
2
pαβ
(
∂aα
∂xβ
+
∂aβ
∂xα
)
︸ ︷︷ ︸
≡0
.
For a skew-symmetric momentum tensor pµν , we thus obtain the Hamiltonian den-
sity HM as the Legendre-transformed Lagrangian density LM
HM(a,p,x) =
1
2
pαβ fαβ −LM(a,∂a,x).
From this (non-standard) Legendre transformation prescription and the correspond-
ing Euler-Lagrange equations (15), the canonical field equations are immediately
obtained as
∂HM
∂ pµν
=−
1
2
fµν =
1
2
(
∂aµ
∂xν
−
∂aν
∂xµ
)
∂HM
∂aµ
=−
∂LM
∂aµ
=−
∂
∂xα
∂LM
∂ (∂αaµ)
=−
∂ pµα
∂xα
∂HM
∂xν
=−
∂LM
∂xν
.
The Hamiltonian density for the Lagrangian density (14) follows as
HM(a,p,x) =−
1
2
pαβ pαβ +
1
4
pαβ pαβ + j
α(x)aα
=− 1
4
pαβ pαβ + j
α(x)aα . (18)
The first canonical field equation follows from the derivative of the Hamiltonian
density (18) with respect to pµν and pµν
1
2
(
∂aµ
∂xν
−
∂aν
∂xµ
)
=
∂HM
∂ pµν
=− 1
2
pµν ,
1
2
(
∂aµ
∂xν
−
∂aν
∂xµ
)
=
∂HM
∂ pµν
=− 1
2
pµν ,
(19)
which reproduces the definition of pµν and p
µν from Eq. (17).
The second canonical field equation is obtained calculating the derivative of the
Hamiltonian density (18) with respect to aµ
−
∂ pµα
∂xα
=
∂HM
∂aµ
= jµ .
Inserting the first canonical equation, the second order field equation for the aµ is
thus obtained for the Maxwell Hamiltonian density (18) as
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∂ f µα
∂xα
+ jµ = 0,
which agrees, as expected, with the corresponding Euler-Lagrange equation (16).
3.3 The Proca Hamiltonian density
In relativistic quantum field theory, the dynamics of particles of spin 1 and mass m
is derived from the Proca Lagrangian density LP,
LP =−
1
4
f αβ fαβ +
1
2
m2aαaα , fµν =
∂aν
∂xµ
−
∂aµ
∂xν
.
We observe that the kinetic term of LP agrees with that of the Lagrangian density
LM of the electromagnetic field of Eq. (14). Therefore, the field equations emerging
from the Euler-Lagrange equations (15) are similar to those of Eq. (16)
∂ f µα
∂xα
−m2aµ = 0. (20)
Thus [L ] = [L]−4, [m] = [L]−1, and [∂µ ] = [L]
−1 entails a dimension of the 4-vector
fields [a] = [L]−1 and [ f ] = [L]−2 in natural units. The transition to the correspond-
ing Hamilton description is performed by defining on the basis of the actual La-
grangian LP the canonical momentum field tensors p
µν as the conjugate objects of
the derivatives of the 4-vector potential a
pµν =
∂LP
∂
(
∂νaµ
) ≡ ∂LP
∂aµ,ν
.
Similar to the preceding section, we find
pµν = f µν , pµν = fµν , [p] = [ f ] = [L]
−2,
because of the particular dependence of LP on the derivatives of the a
µ . With pαβ
being skew-symmetric in α,β , the product pαβ aα ,β picks out the skew-symmetric
part of the partial derivative ∂aα/∂x
β as the product with the symmetric part van-
ishes identically. Denoting the skew-symmetric part by a[α ,β ], the Legendre trans-
formation prescription
HP = p
αβ aα ,β −LP = p
αβ a[α ,β ]−LP
= 1
2
pαβ
(
∂aα
∂xβ
−
∂aβ
∂xα
)
−LP,
leads to the Proca Hamiltonian density by following the path of Eq. (18)
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HP =−
1
4
pαβ pαβ −
1
2
m2aαaα . (21)
The canonical field equations emerge as
a[µ,ν] ≡
1
2
(
∂aµ
∂xν
−
∂aν
∂xµ
)
=
∂HP
∂ pµν
=− 1
2
pµν
−
∂ pµα
∂xα
=
∂HP
∂aµ
=−m2aµ .
By means of eliminating pµν , this coupled set of first order equations can be con-
verted into second order equations for the vector field a(x),
∂
∂xα
(
∂aµ
∂xα
−
∂aα
∂xµ
)
−m2aµ = 0.
As expected, this equation coincides with the Euler-Lagrange equation (20).
3.4 The Dirac Hamiltonian density
The dynamics of particles with spin 1
2
and mass m is described by the Dirac equa-
tion. With γ i, i= 1, . . . ,4 denoting the 4×4 Dirac matrices, and ψ a four component
Dirac spinor, the Dirac Lagrangian density LD is given by
LD = iψγ
α ∂ψ
∂xα
−mψψ , (22)
wherein ψ ≡ ψ†γ0 denotes the adjoint spinor of ψ . In the following we summarize
some fundamental relations that apply for the Dirac matrices γµ , and their duals, γµ ,
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{γµ ,γν} ≡ γµγν + γνγµ = 2ηµν1
γα γα = γα γ
α = 4 1
[γµ ,γν ]≡ γµγν − γνγµ ≡−2iσ µν[
γµ ,γν
]
≡ γµγν − γνγµ ≡−2iσµν
detσ µν = 1, µ 6= ν
τµα σ
αν = σνα ταµ = δ
ν
µ 1
γα ταµ = τµα γ
α =−
i
3
γµ
γα σ
αµ = σ µα γα = 3iγ
µ
γα ταβ γ
β =−
4i
3
1
γα σ
αβ γβ = 12i1, σ
αβ σαβ = 121
3τµν +σµν = 2iηµν 1. (23)
Herein, the symbol 1 stands for the 4× 4 unit matrix, and the real numbers
ηµν ,ηµν ∈ R for an element of the Minkowski metric (η
µν ) = (ηµν ). The matrices
(σ µν ) and (τµν ) are to be understood as 4×4 block matrices, with each block σ
µν ,
τµν representing a 4× 4 matrix of complex numbers. Thus, (σ
µν) and (τµν ) are
actually 16× 16 matrices of complex numbers.
Natural units are defined by setting h¯ = c = 1. Denoting “the dimension of” by
the symbol “[]”, we then have for the dimension of the mass m, length L, time T ,
and energy E
[m] = [L]−1 = [T ]−1 = [E].
Then
[LD] = [L]
−4, [ψ ] = [L]−3/2, [∂µ ] = [m] = [L]
−1.
The Dirac Lagrangian density LD can be rendered symmetric by combining the
Lagrangian density Eq. (22) with its adjoint, which leads to
LD =
i
2
(
ψγα
∂ψ
∂xα
−
∂ψ
∂xα
γα ψ
)
−mψψ . (24)
The resulting Euler-Lagrange equations are identical to those derived from Eq. (22),
iγα
∂ψ
∂xα
−mψ = 0
i
∂ψ
∂xα
γα +mψ = 0. (25)
As both Lagrangians (22) and (24) are linear in the derivatives of the fields, the
determinant of the Hessian vanishes,
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det
[
∂ 2LD
∂
(
∂µ ψ
)
∂ (∂νψ)
]
= 0. (26)
Therefore, Legendre transformations of the Lagrangian densities (22) and (24) are
irregular. Nevertheless, as a Lagrangian density is determined only up to the diver-
gence of an arbitrary vector function Fµ according to Eq. (7), one can construct an
equivalent Lagrangian density L ′D that yields identical Euler-Lagrange equations
while yielding a regular Legendre transformation. The additional term[5] emerges
as the divergence of a vector function Fµ , which may be expressed in symmetric
form as
Fµ =
i
6m˜
(
ψ σ µα
∂ψ
∂xα
+
∂ψ
∂xα
σαµ ψ
)
, [F ] = [L]−3.
The “gauge-fixing parameter” m˜ must have the natural dimension of mass in order
to match the dimensions correctly. Explicitly, the additional term is given by
∂Fβ
∂xβ
=
i
6m˜
(
∂β ψσ
β α∂α ψ +ψσ
β α∂β ∂α ψ + ∂β ∂α ψσ
αβ ψ + ∂αψσ
αβ ∂β ψ
)
=
∂ψ
∂xα
iσαβ
3m˜
∂ψ
∂xβ
.
Note that the double sums σβ α∂β ∂α ψ and ∂β ∂α ψσ
αβ vanish identically, as we
sum over a symmetric (∂µ∂νψ = ∂ν∂µψ) and a skew-symmetric (σ
µν = −σνµ )
factor. Following Eq. (7), the equivalent Lagrangian density is given byL ′D =LD+
∂Fβ/∂xβ , which means, explicitly,
L
′
D =
i
2
(
ψγα
∂ψ
∂xα
−
∂ψ
∂xα
γα ψ
)
+
∂ψ
∂xα
iσαβ
3m˜
∂ψ
∂xβ
−mψψ . (27)
Due to the skew-symmetry of the σ µν , the Euler-Lagrange equations (2) for L ′D
yield again the Dirac equations (25). We remark that the regularized Dirac La-
grangian (27) can equivalently be written as
L
′
D =
(
∂ψ
∂xα
−
im˜
2
ψγα
)
iσαβ
3m˜
(
∂ψ
∂xβ
+
im˜
2
γβ ψ
)
+(m˜−m)ψψ .
This representation of the Dirac Lagrangian will be recognized as the analogue of
the Dirac Hamiltonian HD to be derived in Eq. (31).
As desired, the Hessian of L ′D is not singular,
det
[
∂ 2L ′D
∂
(
∂µψ
)
∂ (∂ν ψ)
]
= det
iσ µν
3m˜
6= 0 since detσ µν = 1, ν 6= µ . (28)
Thus, the Legendre transformation of the Lagrangian density L ′D is now regular.
It is remarkable that it is exactly a term which does not contribute to the Euler-
Lagrange equations that makes the Legendre transformation of L ′D regular and
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thus transfers the information on the dynamical system that is contained in the La-
grangian to the Hamiltonian description. The canonical momenta follow as
piµ =
∂L ′D
∂
(
∂µψ
) = i
2
ψγµ +
∂ψ
∂xα
iσαµ
3m˜
pi µ =
∂L ′D
∂
(
∂µψ
) =− i
2
γµψ +
iσ µα
3m˜
∂ψ
∂xα
, (29)
which states that [pi µ ] = [ψ ] = [L]−3/2. The Legendre transformation can now be
worked out, yielding
HD = pi
α ∂ψ
∂xα
+
∂ψ
∂xα
piα −L ′D
=
∂ψ
∂xα
iσαβ
3m˜
∂ψ
∂xβ
+mψ ψ
=
(
piβ −
i
2
ψγβ
)
∂ψ
∂xβ
+mψ ψ ,
thus [HD] = [LD] = [L]
−4. As the Hamiltonian density must always be expressed in
terms of the canonical momenta rather then by the velocities, we must solve Eq. (29)
for ∂µψ and ∂µψ . To this end, we multiply pi
µ by τµν from the right, and pi
µ by τνµ
from the left,
∂ψ
∂xν
=
3m˜
i
(
piα −
i
2
ψγα
)
ταν
∂ψ
∂xν
=
3m˜
i
τνβ
(
piβ +
i
2
γβ ψ
)
. (30)
The Dirac Hamiltonian density is then finally obtained as
HD =
(
piα −
i
2
ψγα
)
3m˜ταβ
i
(
piβ +
i
2
γβ ψ
)
+mψψ . (31)
We may expand the products in Eq. (31) using Eqs. (23) to find
HD = im˜
(
1
2
ψ γα pi
α −
1
2
piα γα ψ − 3pi
α ταβ pi
β
)
+(m− m˜)ψψ . (32)
In order to show that the Hamiltonian density HD describes the same dynamics as
LD from Eq. (22), we set up the canonical equations from Eq. (32)
∂ψ
∂xν
=
∂HD
∂piν
= im˜
(
1
2
ψ γν − 3pi
α ταν
)
∂ψ
∂xµ
=
∂HD
∂pi µ
=−im˜
(
1
2
γµψ + 3τµβ pi
β
)
.
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Obviously, these equations reproduce the definition of the canonical momenta from
Eqs. (29) in their inverted form given by Eqs. (30). The second set of canonical
equations follows from the ψ and ψ dependence of the Hamiltonian HD,
∂piα
∂xα
=−
∂HD
∂ψ
=
im˜
2
piβ γβ − (m− m˜)ψ
=
im˜
2
(
i
2
ψγβ +
∂ψ
∂xα
iσαβ
3m˜
)
γβ − (m− m˜)ψ
=−
i
2
∂ψ
∂xα
γα −mψ
∂piα
∂xα
=−
∂HD
∂ψ
=−
im˜
2
γβ pi
β − (m− m˜)ψ
=−
im˜
2
γβ
(
−
i
2
γβ ψ +
iσβ α
3m˜
∂ψ
∂xα
)
− (m− m˜)ψ
=
i
2
γα
∂ψ
∂xα
−mψ .
The divergences of the canonical momenta follow equally from the derivatives of
the first canonical equations, or, equivalently, from the derivatives of Eqs. (29),
∂piα
∂xα
=
i
2
∂ψ
∂xα
γα +✘✘✘
✘✘
✘∂ 2ψ
∂xα ∂xβ
iσαβ
3m˜
=
i
2
∂ψ
∂xα
γα
∂piα
∂xα
=−
i
2
γα
∂ψ
∂xα
−✘✘
✘✘
✘✘iσαβ
3m˜
∂ 2ψ
∂xα ∂xβ
=−
i
2
γα
∂ψ
∂xα
.
The terms containing the second derivatives of ψ and ψ vanish due to the skew-
symmetry of σ µν . Equating finally the expressions for the divergences of the canon-
ical momenta, we encounter, as expected, the Dirac equations (25)
i
2
∂ψ
∂xα
γα =−mψ−
i
2
∂ψ
∂xα
γα
−
i
2
γα
∂ψ
∂xα
=−mψ +
i
2
γα
∂ψ
∂xα
.
It should be mentioned that this section is similar to the derivation of the Dirac
Hamiltonian density in Ref. [6]. We note that the additional term in the Dirac La-
grangian density L ′D from Eq. (27) — as compared to the Lagrangian LD from
Eq. (24) — entails additional terms in the energy-momentum tensor, namely,
T ν
′
µ −T
ν
µ ≡ j
ν
µ(x) =
i
3m˜
(
∂α ψσ
αν∂µψ + ∂µψσ
να ∂α ψ− δ
ν
µ ∂α ψσ
αλ ∂λ ψ
)
.
We easily convince ourselves by direct calculation that the divergences of T ν
′
µ and
T νµ coincide,
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∂ j
β
µ
∂xβ
=
i
3m˜
(
✘✘
✘✘
✘✘
✘
∂β ∂α ψσ
αβ ∂µψ + ∂αψσ
αβ ∂β ∂µψ + ∂β ∂µψσ
β α∂α ψ
+
✘✘
✘✘
✘✘
✘
∂µψσ
β α∂β ∂α ψ − δ
β
µ ∂β ∂α ψσ
αλ ∂λ ψ− δ
β
µ ∂α ψσ
αλ ∂β ∂λ ψ
)
=
i
3m˜
(
∂α ψσ
αβ ∂β ∂µψ + ∂β ∂µψσ
β α∂α ψ
− ∂µ∂α ψσ
αβ ∂β ψ − ∂αψσ
αβ ∂µ∂β ψ
)
≡ 0,
which means that both energy-momentum tensors represent the same physical sys-
tem. For each index µ , jνµ(x) represents a conserved current vector which are all
associated with the transformation from LD to L
′
D.
4 Examples of canonical transformations in covariant
Hamiltonian field theory
The formalism of canonical transformations that was worked out in Sect. 2 is now
shown to yield a generalized representation of Noether’s theorem. Furthermore, a
generalized theory of U(N) gauge transformations is outlined.
4.1 Generalized Noether theorem
Canonical transformations are defined by Eq. (6) as the particular subset of gen-
eral transformations of the fields φI and their conjugate momentum vector fields pi I
that preserve the action functional (6). Such a transformation depicts a symmetry
transformation that is associated with a conserved four-current vector, hence with
a vector whose space-time divergence vanishes[7]. In the following, we shall work
out the correlation of this conserved current by means an infinitesimal canonical
transformation of the field variables. The generating function F
µ
2 of an infinitesimal
transformation differs from that of an identical transformation by a infinitesimal
parameter ε 6= 0 times an as yet arbitrary function gµ(φI ,pi I ,x),
F
µ
2 (φI ,Π I ,x) = φJ Π
µ
J + ε g
µ(φI ,pi I ,x). (33)
To first order in ε , the subsequent transformation rules follow from the general
rules (11) as
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pi
µ
I =
∂F
µ
2
∂φI
= Π
µ
I + ε
∂gµ
∂φI
, ΦI δ
µ
ν =
∂F
µ
2
∂Π νI
= φI δ
µ
ν + ε
∂gµ
∂piνI
,
H
′ = H +
∂Fα2
∂xα
∣∣∣∣
expl
= H + ε
∂gα
∂xα
∣∣∣∣
expl
,
hence
δpi
µ
I =−ε
∂gµ
∂φI
, δφI δ
µ
ν = ε
∂gµ
∂piνI
, δH |CT = ε
∂gα
∂xα
∣∣∣∣
expl
. (34)
As the transformation does not change the independent variables, xµ , both the orig-
inal as well as the transformed fields refer to the same space-time event x, hence
δxµ = 0. Making use of the canonical field equations (5), the variation of H due to
the variations (34) of the canonical field variables φI and pi
µ
I emerges as
δH =
∂H
∂φI
δφI +
∂H
∂piαI
δpiαI
=−
∂pi
β
I
∂xα
δ αβ δφI +
∂φI
∂xα
δpiαI
=−ε
(
∂gα
∂pi
β
I
∂pi
β
I
∂xα
+
∂gα
∂φI
∂φI
∂xα
)
=−ε
(
∂gα
∂xα
−
∂gα
∂xα
∣∣∣∣
expl
)
=−ε
∂gα
∂xα
+ δH |CT. (35)
If and only if the infinitesimal transformation rule δH |CT for the Hamiltonian from
Eqs. (34) coincides with the variation δH at δxµ = 0 from Eq. (35), then the set
of infinitesimal transformation rules is consistent and actually defines a canonical
transformation. We thus have
δH |CT
!
= δH ⇐⇒
∂gα
∂xα
!
= 0. (36)
Thus, the divergence of the characteristic function gµ(x) in the generating func-
tion (33) must vanish in order for the transformation (34) to be canonical, and hence
to preserve the form of the action functional (6). The gµ(x) then define a conserved
four-current vector, commonly referred to as Noether current. The canonical trans-
formation rules then furnish the corresponding infinitesimal one-parameter group of
symmetry transformations
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∂gα(x)
∂xα
= 0 (37)
δpi
µ
I =−ε
∂gµ
∂φI
, δφI δ
µ
ν = ε
∂gµ
∂piνI
, δH = ε
∂gα
∂xα
∣∣∣∣
expl
.
We can now formulate the generalized Noether theorem and its inverse in the realm
of covariant Hamiltonian field theory as:
Theorem 1 (generalized Noether). The characteristic vector function gµ(φI ,pi I,x)
in the generating function F
µ
2 from Eq. (33) must have zero divergence in order to
define a canonical transformation. The subsequent transformation rules (37) then
define an infinitesimal one-parameter group of symmetry transformations that pre-
serve the form of the action functional (6).
Conversely, if a one-parameter symmetry transformation is known to preserve
the form of the action functional (6), then the transformation is canonical and hence
can be derived from a generating function. The characteristic 4-vector function
gµ(φI ,pi I ,x) in the corresponding infinitesimal generating function (33) then rep-
resents a conserved current, hence ∂gα/∂xα = 0.
In contrast to the usual derivation of this theorem in the Lagrangian formalism, we
are not restricted to point transformations as the gµ may be any divergence-free
4-vector function of the given dynamical system. In this sense, we have found a
generalization of Noether’s theorem.
4.1.1 Gauge invariance of the electromagnetic 4-potential
For the Maxwell HamiltonianHM from Eq. (18), the correlation of the 4-vector po-
tential aµ with the conjugate fields pµν is determined by the first field equation (19)
as the generalized curl of a. This means on the other hand that the correlation be-
tween a and the pµν is not unique. Defining a transformed 4-vector potential A
according to
Aµ = aµ +
∂ χ(x)
∂xµ
, (38)
with χ = χ(x) an arbitrary differentiable function of the independent variables. This
means for the transformation of the pµν
pµν =
∂aν
∂xµ
−
∂aµ
∂xν
=
∂Aν
∂xµ
−
✚
✚
✚
✚∂ 2χ(x)
∂xν∂xµ
−
∂Aµ
∂xν
+
✚
✚
✚
✚∂ 2χ(x)
∂xµ∂xν
= Pµν . (39)
The transformations (38) and (39) can be regarded as a canonical transformation,
whose generating function F
µ
2 is given by
F
µ
2 (a,P,x) = aαP
αµ +
∂
∂xα
(Pαµ χ(x)) . (40)
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For a vector field a and its set of canonical conjugate fields pµ , the general transfor-
mation rules (11) are rewritten as
pνµ =
∂F
µ
2
∂aν
, Aν δ
µ
β =
∂F
µ
2
∂Pνβ
, H ′ = H +
∂Fα2
∂xα
∣∣∣∣
expl
, (41)
which yield for the particular generating function of Eq. (40) the transformation
prescriptions
pνµ =
∂aα
∂aν
Pαµ = δ ναP
αµ = Pνµ
Aν δ
µ
β
= aα δ
α
ν δ
µ
β
+ δ αν δ
µ
β
∂ χ(x)
∂xα
⇒ Aν = aν +
∂ χ(x)
∂xν
H
′−H =
∂ 2pαβ
∂xα ∂xβ
χ(x)+
∂ pαβ
∂xα
∂ χ(x)
∂xβ
+ pαβ
∂ 2χ(x)
∂xα ∂xβ
= −
∂ pαβ
∂xβ
∂ χ(x)
∂xα
.
The canonical transformation rules coincide with the correlations of Eqs. (38) and
(39) defining the Lorentz gauge. The last equation holds because of the skew-
symmetry of the canonical momentum tensor pνµ =−pµν .
In order to determine the conserved Noether current that is associated with the
canonical point transformation generated by F 2 from Eq. (40), we need the genera-
tor of the corresponding infinitesimal canonical point transformation,
F
µ
2 (a,P,x) = aαP
αµ + εgµ(p,x), gµ =
∂
∂xα
[
pαµ χ(x)
]
.
Herein, ε 6= 0 denotes a small parameter. The pertaining infinitesimal canonical
transformation rules are
pνµ =
∂F
µ
2
∂aν
= Pνµ , Aν = aν + ε
∂ χ(x)
∂xν
δH |CT =
∂Fα2
∂xα
∣∣∣∣
expl
= H ′M−HM =−ε
∂ pαβ
∂xβ
∂ χ(x)
∂xα
.
The coordinate transformation rules agree with Eqs. (38) and (39) in the finite limit.
Because of δ pνµ ≡ Pνµ − pνµ = 0, the variation δH due to the variation of the
canonical variables reduces to the term proportional to δaν ≡ Aν − aν ,
δH =
∂HM
∂aα
δaα =−ε
∂ pαβ
∂xβ
∂ χ(x)
∂xα
.
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Hence, δH coincides with the corresponding canonical transformation rule δH |CT,
as required for the transformation to be canonical. With the requirement (36) ful-
filled, the characteristic function gµ(p,x) in the infinitesimal generating function F
µ
2
then directly yields the conserved 4-current jN(x), j
µ
N = g
µ according to Noether’s
theorem from Eq. (37)
∂ jαN(x)
∂xα
= 0, j
µ
N(x) =
∂
∂xα
(
pαµ χ(x)
)
.
By calculating its divergence, we verify directly that jN(x) is indeed the conserved
Noether current that corresponds to the symmetry transformation (38)
∂ j
β
N(x)
∂xβ
=
∂
∂xβ
(
∂ pαβ
∂xα
χ + pαβ
∂ χ
∂xα
)
=
∂ 2pαβ
∂xα ∂xβ
χ +
(
∂ pβ α
∂xβ
+
∂ pαβ
∂xβ
)
∂ χ
∂xα
+ pαβ
∂ 2χ
∂xα ∂xβ
.
As χ(x) represents by assumption an arbitrary function of x, a zero divergence of
the Noether current j
β
N means that the coefficients associated with χ and its first and
second derivative must separately vanish. This is equally ensured for all three terms
if pνµ is a skew-symmetric tensor
pνµ =−pµν .
4.2 General local U(N) gauge transformation
As an interesting example of a canonical transformation in the covariant Hamilto-
nian description of classical fields, the general local U(N) gauge transformation is
treated in this section. The main feature of the approach is that the terms to be added
to a given Hamiltonian H in order to render it locally gauge invariant only depends
on the type of fields contained in the Hamiltonian H and not on the particular form
of the original Hamiltonian itself. The only precondition is that H must be invari-
ant under the corresponding global gauge transformation, hence a transformation
not depending explicitly on x.
4.2.1 External gauge field
We consider a system consisting of a vector of N complex fields φI , I = 1, . . . ,N,
and the adjoint field vector, φ ,
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φ =

φ1...
φN

 , φ = (φ 1 · · ·φN) .
A general local linear transformation may be expressed in terms of a dimensionless
complex matrix U(x) = (uIJ(x)) and its adjoint, U
† that may depend explicitly on
the independent variables, xµ , as
Φ =U φ , Φ = φ U†
ΦI = uIJ φJ , Φ I = φ J u
∗
JI , [uIJ ] = 1.
(42)
With this notation, φI may stand for a set of I = 1, . . . ,N complex scalar fields φI
or Dirac spinors. In other words, U is supposed to define an isomorphism within
the space of the φI , hence to linearly map the φI into objects of the same type.
The uppercase Latin letter indexes label the field or spinor number. Their transfor-
mation in iso-space are not associated with any metric. We, therefore, do not use
superscripts for these indexes as there is not distinction between covariant and con-
travariant components. In contrast, Greek indexes are used for those components
that are associated with a metric — such as the derivatives with respect to a space-
time variable, xµ . As usual, summation is understood for indexes occurring in pairs.
We restrict ourselves to transformations that preserve the norm φφ
ΦΦ = φ U†U φ = φφ =⇒ U†U = 1 =UU†
Φ IΦI = φ Ju
∗
JI uIKφK = φKφK =⇒ u
∗
JI uIK = δJK = uJI u
∗
IK .
This means thatU† =U−1, hence that the matrix U is supposed to be unitary. The
transformation (42) follows from a generating function that — corresponding to
H — must be a real-valued function of the generally complex fields φ and their
canonical conjugates, pi µ ,
F
µ
2 (φ ,φ ,Π
µ ,Π
µ
,x) =Π
µ
U φ +φ U†Π µ
= Π
µ
K uKJ φJ +φK u
∗
KJ Π
µ
J . (43)
According to Eqs. (11) the set of transformation rules follows as
pi
µ
I =
∂F
µ
2
∂φI
= Π
µ
KuKJδIJ , Φ Iδ
µ
ν =
∂F
µ
2
∂Π νI
= φKu
∗
KJδ
µ
ν δIJ
pi
µ
I =
∂F
µ
2
∂φ I
= δIKu
∗
KJΠ
µ
J , ΦIδ
µ
ν =
∂F
µ
2
∂Π
ν
I
= δ
µ
ν δIKuKJφJ .
The complete set of transformation rules and their inverses then read in component
notation
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ΦI = uIJ φJ, Φ I = φ J u
∗
JI , Π
µ
I = uIJ pi
µ
J , Π
µ
I = pi
µ
J u
∗
JI
φI = u
∗
IJ ΦJ , φ I = ΦJuJI , pi
µ
I = u
∗
IJ Π
µ
J , pi
µ
I = Π
µ
J uJI .
(44)
We assume the Hamiltonian H to be form-invariant under the global gauge trans-
formation (42), which is given for U = const, hence for all uIJ not depending on
the independent variables, xµ . In contrast, if U =U(x), the transformation (44) is
referred to as a local gauge transformation. The transformation rule for the Hamil-
tonian is then determined by the explicitly xµ -dependent terms of the generating
function F
µ
2 according to
H
′−H =
∂Fα2
∂xα
∣∣∣∣
expl
= Π
α
I
∂uIJ
∂xα
φJ +φ I
∂u∗IJ
∂xα
Π αJ
= piαK u
∗
KI
∂uIJ
∂xα
φJ +φ I
∂u∗IJ
∂xα
uJKpi
α
K
= piαK u
∗
KI
∂uIJ
∂xα
φJ +φK
∂u∗KI
∂xα
uIJpi
α
J
=
(
piαK φJ−φKpi
α
J
)
u∗KI
∂uIJ
∂xα
. (45)
In the last step, the identity
∂u∗KI
∂xµ
uIJ + u
∗
KI
∂uIJ
∂xµ
=
∂
∂xµ
(u∗KIuIJ) =
∂
∂xµ
δKJ = 0
was inserted. If we want to set up a HamiltonianH1 that is form-invariant under the
local, hence xµ -dependent transformation generated by (43), then we must compen-
sate the additional terms (45) that emerge from the explicit xµ -dependence of the
generating function (43). The only way to achieve this is to adjoin the Hamiltonian
H of our system with terms that correspond to (45) with regard to their dependence
on the canonical variables, φ ,φ ,pi µ ,pi µ . With a unitarymatrixU , the uIJ-dependent
terms in Eq. (45) are skew-hermitian,(
u∗KI
∂uIJ
∂xµ
)
=
∂u∗JI
∂xµ
uIK =−u
∗
JI
∂uIK
∂xµ
,
(
∂uKI
∂xµ
u∗IJ
)
= uJI
∂u∗IK
∂xµ
=−
∂uJI
∂xµ
u∗IK ,
or in matrix notation(
U†
∂U
∂xµ
)†
=
∂U†
∂xµ
U =−U†
∂U
∂xµ
,
(
∂U
∂xµ
U†
)†
=U
∂U†
∂xµ
=−
∂U
∂xµ
U†.
The u-dependent terms in Eq. (45) can thus be compensated by a Hermitian matrix
(aKJ) of “4-vector gauge fields”, with each off-diagonalmatrix element, aKJ , K 6= J,
a complex 4-vector field with components aKJµ , µ = 0, . . . ,3
aKJµ = a
∗
JKµ .
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The number of independent gauge fields thus amount to N2 real 4-vectors. The
amended Hamiltonian H1 thus reads
H1 = H +Ha, Ha = ig
(
piαKφJ−φKpi
α
J
)
aKJα . (46)
With the real coupling constant g, the interaction Hamiltonian Ha is thus real. Usu-
ally, g is defined to be dimensionless. We then infer the dimension of the gauge
fields aKJ to be
[g] = 1, [aKJ ] = [L]
−1 = [m] = [∂µ ].
In contrast to the given system Hamiltonian H , the amended Hamiltonian H1 is
supposed to be invariant in its form under the canonical transformation, hence
H
′
1 = H
′+H ′a , H
′
a = ig
(
Π
α
KΦJ−ΦKΠ
α
J
)
AKJα . (47)
Submitting the amended Hamiltonian H1 from Eq. (46) to the canonical transfor-
mation generated by Eq. (43), the new HamiltonianH ′1 emerges with Eqs. (45) and
(47) as
H
′
1 = H1+
∂Fα2
∂xα
∣∣∣∣
expl
= H +Ha+
∂Fα2
∂xα
∣∣∣∣
expl
= H +
(
piαKφJ−φKpi
α
J
)(
igaKJα + u
∗
KI
∂uIJ
∂xα
)
!
= H ′+
(
Π
α
KΦJ−ΦKΠ
α
J
)
igAKJα .
The original base fields, φJ ,φK and their conjugates can now be expressed in terms
of the transformed ones according to the rules (44), which yields, after index rela-
beling, the conditions
H
′(Φ ,Φ ,Π µ ,Π
µ
,xµ)
global GT
= H (φ ,φ ,pi µ ,pi µ ,xµ)(
Π
α
KΦJ−ΦKΠ
α
J
)
igAKJα =
(
Π
α
KΦJ −ΦKΠ
α
J
)(
iguKL aLIα u
∗
IJ +
∂uKI
∂xα
u∗IJ
)
.
This means that the system Hamiltonian must be invariant under the global gauge
transformation defined by Eq. (44), whereas the gauge fields AIJµ must satisfy the
transformation rule
AKJµ = uKL aLIµ u
∗
IJ +
1
ig
∂uKI
∂xµ
u∗IJ. (48)
We observe that for any type of canonical field variables φI and for any Hamiltonian
system H , the transformation of the 4-vector gauge fields aIJ(x) is uniquely deter-
mined according to Eq. (48) by the transformationmatrixU(x) for the N fields φI . In
the notation of the 4-vector gauge fields aKJ(x), K,J = 1, . . . ,N, the transformation
rule is equivalently expressed as
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AKJ = uKLaLI u
∗
IJ +
1
ig
∂uKI
∂x
u∗IJ,
or, in matrix notation
Aˆµ =UaˆµU
†+
1
ig
∂U
∂xµ
U†, Aˆ =U aˆU†+
1
ig
∂U
∂x
U†, (49)
with aˆµ denoting the N×N matrices of the µ-components of the 4-vectors AIK(x),
and, finally, aˆ the N×N matrix of gauge 4-vectors aIK(x). The matrix U(x) is uni-
tary, and thus constitutes a member of the group U(N)
U†(x) =U−1(x), |detU(x)|= 1.
For detU(x) = +1, the matrixU(x) is a member of the group SU(N).
Inserting the transformation rule for the base fields, Φ =U φ , into Eq. (49), we
immediately find the homogeneous transformation condition
∂Φ
∂xµ
− ig AˆµΦ =U
(
∂φ
∂xµ
− ig aˆµφ
)
.
We identify this “amended” partial derivative as the covariant derivative that defines
the minimum coupling rule for our gauge transformation.
Equation (49) is the general transformation law for gauge bosons. U and aˆµ do
not commute if N > 1, hence ifU is a unitary matrix rather than a complex number
of modulus 1. We are then dealing with a non-Abelian gauge theory. As the matrices
aˆµ are Hermitian, the number of independent gauge 4-vectors aIK amounts to N real
vectors on the main diagonal, and (N2−N)/2 independent complex off-diagonal
vectors, which corresponds to a total number ofN2 independent real gauge 4-vectors
for a U(N) symmetry transformation, and hence N2− 1 real gauge 4-vectors for a
SU(N) symmetry transformation.
4.2.2 Including the gauge field dynamics
With the knowledge of the required transformation rule for the gauge fields from
Eq. (48), it is now possible to redefine the generating function (43) to also describe
the gauge field transformation. This simultaneously defines the transformation of
the canonical conjugates, p
µν
JK , of the gauge fields aJKµ . Furthermore, the redefined
generating function yields additional terms in the transformation rule for the Hamil-
tonian. Of course, in order for the Hamiltonian to be invariant under local gauge
transformations, the additional terms must be invariant as well. The transformation
rules for the fields φ and the gauge field matrices aˆ (Eq. (49)) can be regarded as
a canonical transformation that emerges from an explicitly xµ -dependent and real-
valued generating function vector of type F
µ
2 = F
µ
2 (φ ,φ ,Π ,Π ,a,P,x),
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F
µ
2 = Π
µ
K uKJ φJ +φK u
∗
KJ Π
µ
J +P
αµ
JK
(
uKL aLIα u
∗
IJ +
1
ig
∂uKI
∂xα
u∗IJ
)
. (50)
Accordingly, the subsequent transformation rules for canonical variables φ ,φ and
their conjugates, pi µ ,pi µ , agree with those from Eqs. (44). The rule for the gauge
fields aIKα emerges as
AKJα δ
µ
ν =
∂F
µ
2
∂PανJK
= δ
µ
ν
(
uKL aLIα u
∗
IJ +
1
ig
∂uKI
∂xα
u∗IJ
)
,
which obviously coincides with Eq. (48), as demanded. The transformation of the
momentum fields is obtained from the generating function (50) as
p
αµ
IL =
∂F
µ
2
∂aLIα
= u∗IJP
αµ
JK uKL. (51)
It remains to work out the difference of the Hamiltonians that are submitted to the
canonical transformation generated by (50). Hence, according to the general rule
from Eq. (11), we must calculate the divergence of the explicitly xµ -dependent terms
of F
µ
2
∂Fα2
∂xα
∣∣∣∣
expl
= Π
α
I
∂uIJ
∂xα
φJ +φ I
∂u∗IJ
∂xα
Π αJ (52)
+P
αβ
JK
(
∂uKL
∂xβ
aLIαu
∗
IJ + uKLaLIα
∂u∗IJ
∂xβ
+
1
ig
∂uKI
∂xα
∂u∗IJ
∂xβ
+
1
ig
∂ 2uKI
∂xα ∂xβ
u∗IJ
)
.
We are now going to replace all uIJ-dependencies in (52) by canonical variables
making use of the canonical transformation rules. The first two terms on the right-
hand side of Eq. (52) can be expressed in terms of the canonical variables by means
of the transformation rules (44), (48), and (51) that all follow from the generating
function (50)
Π
α
I
∂uIJ
∂xα
φJ +φ I
∂u∗IJ
∂xα
Π αJ = Π
α
I
∂uIJ
∂xα
u∗JKΦK +ΦKuKI
∂u∗IJ
∂xα
Π αJ
= Π
α
I
∂uIJ
∂xα
u∗JKΦK−ΦK
∂uKI
∂xα
u∗IJΠ
α
J
= igΠ
α
I (AIKα − uILaLJαu
∗
JK)ΦK
− igΦK (AKJα − uKLaLIαu
∗
IJ)Π
α
J
= ig
(
Π
α
KΦJ−ΦKΠ
α
J
)
AKJα − ig
(
piαKφJ−φKpi
α
J
)
aKJα .
The second derivative term in Eq. (52) is symmetric in the indexes α and β . If we
split P
αβ
JK into a symmetric P
(αβ )
JK and a skew-symmetric part P
[αβ ]
JK in α and β
P
αβ
JK = P
(αβ )
JK +P
[αβ ]
JK , P
[αβ ]
JK =
1
2
(
P
αβ
JK −P
β α
JK
)
, P
(αβ )
JK =
1
2
(
P
αβ
JK +P
β α
JK
)
,
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then the second derivative term vanishes for P
[αβ ]
JK ,
P
[αβ ]
JK
∂ 2uKI
∂xα ∂xβ
= 0.
By inserting the transformation rules for the gauge fields from Eqs. (48), the remain-
ing terms of (52) for the skew-symmetric part of P
αβ
JK are converted into
P
[αβ ]
JK
(
∂uKL
∂xβ
aLIα u
∗
IJ + uKLaLIα
∂u∗IJ
∂xβ
+
1
ig
∂uKI
∂xα
∂u∗IJ
∂xβ
)
= ig p
[αβ ]
JK aKIα aIJβ − igP
[αβ ]
JK AKIα AIJβ
= 1
2
ig
(
p
αβ
JK − p
β α
JK
)
aKIα aIJβ −
1
2
ig
(
P
αβ
JK −P
β α
JK
)
AKIα AIJβ
= 1
2
ig p
αβ
JK
(
aKIα aIJβ − aKIβ aIJα
)
− 1
2
igP
αβ
JK
(
AKIα AIJβ −AKIβ AIJα
)
.
For the symmetric part of P
αβ
JK , we obtain
P
(αβ )
JK
(
∂uKL
∂xβ
aLIα u
∗
IJ + uKLaLIα
∂u∗IJ
∂xβ
+
1
ig
∂uKI
∂xα
∂u∗IJ
∂xβ
+
1
ig
∂ 2uKI
∂xα ∂xβ
u∗IJ
)
= P
(αβ )
JK
(
∂AKJα
∂xβ
− uKL
∂aLIα
∂xβ
u∗IJ
)
= 1
2
P
αβ
JK
(
∂AKJα
∂xβ
+
∂AKJβ
∂xα
)
− 1
2
p
αβ
JK
(
∂aKJα
∂xβ
+
∂aKJβ
∂xα
)
.
In summary, by inserting the transformation rules into Eq. (52), the divergence of
the explicitly xµ -dependent terms of F
µ
2 — and hence the difference of transformed
and original Hamiltonians — can be expressed completely in terms of the canonical
variables as
∂Fα2
∂xα
∣∣∣∣
expl
= ig
[(
Π
α
KΦJ−ΦKΠ
α
J
)
AKJα −
(
piαKφJ−φKpi
α
J
)
aKJα
− 1
2
P
αβ
JK
(
AKIα AIJβ −AKIβ AIJα
)
+ 1
2
p
αβ
JK
(
aKIα aIJβ − aKIβ aIJα
)]
+ 1
2
P
αβ
JK
(
∂AKJα
∂xβ
+
∂AKJβ
∂xα
)
− 1
2
p
αβ
JK
(
∂aKJα
∂xβ
+
∂aKJβ
∂xα
)
.
We observe that all uIJ-dependencies of Eq. (52) were expressed symmetrically in
terms of the original and transformed complex scalar fields φJ ,ΦJ and 4-vector
gauge fields aJK ,AJK , in conjunction with their respective canonical momenta. Con-
sequently, an amended Hamiltonian H2 of the form
H2 = H (pi ,φ ,x)+ ig
(
piαKφJ−φKpi
α
J
)
aKJα
− 1
2
igp
αβ
JK
(
aKIα aIJβ − aKIβ aIJα
)
+ 1
2
p
αβ
JK
(
∂aKJα
∂xβ
+
∂aKJβ
∂xα
)
(53)
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is then transformed according to the general rule (11)
H
′
2 = H2+
∂Fα2
∂xα
∣∣∣∣
expl
into the new Hamiltonian
H
′
2 = H (Π ,Φ ,x)+ ig
(
Π
α
KΦJ−ΦKΠ
α
J
)
AKJα
− 1
2
igP
αβ
JK
(
AKIα AIJβ −AKIβ AIJα
)
+ 1
2
P
αβ
JK
(
∂AKJα
∂xβ
+
∂AKJβ
∂xα
)
. (54)
The entire transformation is thus form-conserving provided that the original Hamil-
tonian H (pi ,φ ,x) is also form-invariant if expressed in terms of the new fields,
H (Π ,Φ ,x), according to the transformation rules (44). In other words, H (pi ,φ ,x)
must be form-invariant under the corresponding global gauge transformation.
In order for the presented transformation theory to be physically consistent, we
must ensure that the canonical field equations for the derivatives of the gauge fields
that follow from the final form-invariant amended Hamiltonians, H3 and H
′
3 , co-
incide with the derivatives of the transformation rules for the gauge fields from
Eq. (48). As it turns out, the form-invariant Hamiltonians H2 from Eq. (53) and
H ′2 from Eq. (54) must be further amended by terms Hdyn(p) and H
′
dyn(P) that
describe the dynamics of the free 4-vector gauge fields, aKJ and AKJ , respectively
H
′
3 = H (Π ,Φ ,x)+H
′
dyn(P)+ ig
(
Π
α
KΦJ−ΦKΠ
α
J
)
AKJα
− 1
2
igP
αβ
JK
(
AKIα AIJβ −AKIβ AIJα
)
+ 1
2
P
αβ
JK
(
∂AKJα
∂xβ
+
∂AKJβ
∂xα
)
.
Of course, H ′dyn(P) must be form-invariant as well in order to ensure the form-
invariance of the final amended Hamiltonians, H3 and H
′
3 . To derive H
′
dyn, we set
up the first canonical equation
∂AKJµ
∂xν
=
∂H ′3
∂P
µν
JK
=
∂H ′dyn
∂P
µν
JK
− 1
2
ig
(
AKIµ AIJν −AKIν AIJµ
)
+ 1
2
(
∂AKJµ
∂xν
+
∂AKJν
∂xµ
)
.
Applying now the transformation rules (48), for the gauge fields AKJ , we find after
straightforward calculation
∂H ′dyn
∂P
µν
JK
= 1
2
(
∂AKJµ
∂xν
−
∂AKJν
∂xµ
)
+ 1
2
ig
(
AKIµ AIJν −AKIν AIJµ
)
= 1
2
uKL
[
∂aLNµ
∂xν
−
∂aLNν
∂xµ
+ ig
(
aLIµ aINν − aLIν aINµ
)]
u∗NJ
= uKL
∂Hdyn
∂ p
µν
NL
u∗NJ.
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The derivatives of Hdyn and H
′
dyn obviously transform like the canonical momenta,
as stated in Eq. (51). Consequently, these expressions must be identified with pKJνµ
and PKJνµ , respectively
∂H ′dyn
∂P
µν
JK
=− 1
2
PKJµν ,
∂Hdyn
∂ p
µν
JK
=− 1
2
pKJµν .
This means, in turn, that H ′dyn and thus Hdyn are given by
H
′
dyn(P) =−
1
4
P
αβ
JK PKJαβ , Hdyn(p) =−
1
4
p
αβ
JK pKJαβ . (55)
We conclude that Eq. (55) is the only choice for the free dynamics term of the gauge
fields in order for the entire gauge transformation formalism to be consistent. Thus,
the amended Hamiltonian H3 given by
H3 =H +Hg (56)
Hg =ig
(
piαKφJ−φKpi
α
J
)
aKJα −
1
4
p
αβ
JK pKJαβ
− 1
2
ig p
αβ
JK
(
aKIα aIJβ − aKIβ aIJα
)
+ 1
2
p
αβ
JK
(
∂aKJα
∂xβ
+
∂aKJβ
∂xα
)
.
4.2.3 Inserting the gauge-invariant Hamiltonian H3 into the action integral
With gauge fields aKJµ and their conjugates, p
µν
JK , the additional dynamical quanti-
ties of the locally gauge-invariant system, the amended action integral from Eq. (6)
reads
S=
∫
R
(
pi
β
I
∂φI
∂xβ
+ p
αβ
JK
∂aKJα
∂xβ
−H3
)
d4x. (57)
Inserting the explicit representation of H3 from Eq. (56) then yields the following
non-standard form of the action integral
S =
∫
R
[
pi
β
I
∂φI
∂xβ
+ 1
2
p
αβ
JK
(
∂aKJα
∂xβ
−
∂aKJβ
∂xα
)
−H4
]
d4x, (58)
with
H4 = H + ig
(
piαKφJ−φKpi
α
J
)
aKJα −
1
4
p
αβ
JK pKJαβ
− 1
2
ig p
αβ
JK
(
aKIα aIJβ − aKIβ aIJα
)
(59)
We observe in Eq. (58) that only the skew-symmetric part of p
αβ
JK in α,β contributes
to the action S. In this form, the action integral is manifestly form-invariant under
a local U(N) symmetry transformation (42) of the fields φ ,φ , and a. The canonical
equation for the derivative of the gauge fields is now obtained directly from (58) as
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1
2
(
∂aKJα
∂xβ
−
∂aKJβ
∂xα
)
=
∂H4
∂ p
αβ
JK
. (60)
With H4 from Eq. (59), this reads in explicit form
1
2
(
∂aKJα
∂xβ
−
∂aKJβ
∂xα
)
=− 1
2
pKJαβ −
1
2
ig
(
aKIα aIJβ − aKIβ aIJα
)
,
hence
pKJµν =
∂aKJν
∂xµ
−
∂aKJµ
∂xν
+ ig
(
aKIν aIJµ − aKIµ aIJν
)
. (61)
We observe that pKJµν occurs to be skew-symmetric in the indices µ ,ν . Here, this
feature emerges from the canonical formalism and does not need to be postulated.
Yet, the information on the actual form of the action integral (58), hence on the
skew-symmetry of pKJµν must be supplemented in addition to the specification of
the final form of the locally gauge-invariant Hamiltonian H4
H4 = H +Hg, p
µν
JK =−p
νµ
JK
Hg =−
1
4
p
αβ
JK pKJαβ + ig
(
piαK aKJα φJ−φK aKJα pi
α
J − p
αβ
JK aKIα aIJβ
)
. (62)
Thus, Hg describes the dynamics of massless 4-vector fields aIK , namely, their cou-
plings to the base fields φI as well as their self-couplings. This is the final result of
the general local U(N) gauge transformation theory in the Hamiltonian formalism.
From the locally gauge-invariant Hamiltonian (62), the canonical equation for
the base fields φI is given by
∂φI
∂xµ
∣∣∣∣
H4
=
∂H4
∂pi
µ
I
=
∂H
∂pi
µ
I
+ igaIJµφJ
=
∂φI
∂xµ
∣∣∣∣
H
+ igaIJµ φJ.
This is exactly the so-called “minimum coupling rule”, which is also referred to
as the “gauge covariant derivative”. Remarkably, in the canonical formalism this
result is derived, hence does not need to be postulated. It is commonly assumed that
the quantities aIJµ exhibit elementary fields themselves, hence that the aIJµ are not
compositions of elementary fields.
4.3 Locally gauge-invariant Lagrangian
4.3.1 Legendre transformation for a general system Hamiltonian
The equivalent gauge-invariantLagrangianL3 is derived by Legendre-transforming
the gauge-invariant Hamiltonian H3, defined in Eqs. (56)
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L3 = pi
α
K
∂φK
∂xα
+
∂φK
∂xα
piαK + p
αβ
JK
∂aKJα
∂xβ
−H3, H3 = H +Hg.
With p
µν
JK from Eq. (61) and Hg from Eq. (56), we thus have
p
αβ
JK
∂aKJα
∂xβ
−Hg =
1
2
p
αβ
JK
(
∂aKJα
∂xβ
−
∂aKJβ
∂xα
)
+ 1
2
p
αβ
JK
(
∂aKJα
∂xβ
+
∂aKJβ
∂xα
)
−Hg
=− 1
2
p
αβ
JK pKJαβ −
1
2
ig p
αβ
JK
(
aKIα aIJβ − aKIβ aIJα
)
+ 1
2
p
αβ
JK
(
∂aKJα
∂xβ
+
∂aKJβ
∂xα
)
−Hg
= ig
(
piαKφJ−φKpi
α
J
)
aKJα −
1
4
p
αβ
JK pKJαβ .
The locally gauge-invariant Lagrangian L3 for any given globally gauge-invariant
system Hamiltonian H (φ I ,φI ,pi I,pi I ,x) is then
L3 =−
1
4
p
αβ
JK pKJαβ − ig
(
piαKφJ−φKpi
α
J
)
aKJα +pi
α
K
∂φK
∂xα
+
∂φK
∂xα
piαK −H (63)
=− 1
4
p
αβ
JK pKJαβ +pi
α
K
(
∂φK
∂xα
− igaKJα φJ
)
+
(
∂φK
∂xα
+ igφJaJKα
)
piαK −H .
As implied by the Lagrangian formalism, the dynamical variables are given by both
the fields, φK , φJ , and aKJα , in conjunction with their respective partial derivatives
with respect to the independent variables, xµ . Therefore, the pKJ inL3 fromEq. (63)
are now merely abbreviations for a combination of the Lagrangian dynamical vari-
ables. Independently of the given system Hamiltonian H , the correlation of the
pKJ with the gauge fields aKJ and their derivatives is given by the first canonical
equation (61).
The correlation of the momenta pi I,pi I to the base fields φI ,φ I and their deriva-
tives are derived from Eq. (63) for the given system Hamiltonian H via
∂H
∂pi
µ
I
=
∂φI
∂xµ
− igaIJµφJ ,
∂H
∂pi
µ
I
=
∂φ I
∂xµ
+ igφJ aJIµ . (64)
Thus, for any globally gauge-invariant system Hamiltonian H (φ I,φI ,pi I ,pi I ,x), the
amended Lagrangian L3 from Eq. (63) with the pi I ,pi I to be determined from
Eqs. (64) describes in the Lagrangian formalism the associated physical system that
is invariant under local gauge transformations.
4.3.2 Klein-Gordon system Hamiltonian
The generalized Klein-Gordon Hamiltonian HKG describing N complex scalar
fields φI that are associated with equal masses m is
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HKG(pi µ ,pi
∗µ ,φ ,φ ∗) = pi∗Iα pi
α
I +m
2φ∗I φI .
This Hamiltonian is clearly form-invariant under the global gauge-transformation
defined by Eqs. (44). Following Eqs. (56) and (62), the corresponding locally gauge-
invariant Hamiltonian H3,KG is then
H3,KG = pi
∗
Iα pi
α
I +m
2φ∗I φI −
1
4
p
αβ
JK pKJαβ
+ ig
(
pi∗αK aKJα φJ−φ
∗
K aKJα pi
α
J − p
αβ
JK aKIα aIJβ
)
, p
µν
JK
!
=−p
νµ
JK .
To derive the equivalent locally gauge-invariant Lagrangian L3,KG, we set up the
first canonical equation for the gauge-invariant Hamiltonian H3,KG of our actual
example
∂φI
∂xµ
=
∂H3,KG
∂pi
∗µ
I
= piIµ + igaIJµφJ ,
∂φ∗I
∂xµ
=
∂H3,KG
∂pi
µ
I
= pi∗Iµ − igφ
∗
J aJIµ .
Inserting ∂φI/∂x
µ and ∂φ∗I /∂x
µ into Eq. (63), we directly encounter the locally
gauge-invariant Lagrangian L3,KG as
L3,KG = pi
∗
Iα pi
α
I −m
2φ∗I φI −
1
4
p
αβ
JK pKJαβ ,
with the abbreviations
piIµ =
∂φI
∂xµ
− igaIJµφJ, pi
∗
Iµ =
∂φ∗I
∂xµ
+ igφ∗J aJIµ
pKJµν =
∂aKJν
∂xµ
−
∂aKJµ
∂xν
+ ig
(
aKIν aIJµ − aKIµ aIJν
)
.
In a more explicit form, L3,KG is thus given by
L3,KG =
(
∂φ∗I
∂xα
+ igφ∗J aJIα
)(
∂φI
∂xα
− igaαIJφJ
)
−m2φ∗I φI −
1
4
p
αβ
JK pKJαβ
The expressions in the parentheses represent the “minimum coupling rule,” which
appears here as the transition from the kinetic momenta to the canonical momenta.
By insertingL3,KG into the Euler-Lagrange equations, andH3,KG into the canonical
equations, we may convince ourselves that the emerging field equations for φ∗I , φI ,
and aJK agree. This means thatH3,KG andL3,KG describe the same physical system.
4.3.3 Dirac system Hamiltonian
The generalized Dirac Hamiltonian (31) describing N spin- 1
2
fields, each of them
being associated with the same mass m,
32 Ju¨rgen Struckmeier and Hermine Reichau
HD =
(
piαI −
i
2
ψIγ
α
)
3m˜ταβ
i
(
pi
β
I +
i
2
γβ ψI
)
+mψIψI , τµα σ
αν = δ νµ 1
is form-invariant under global gauge transformations (44) since
H
′
D =
(
Π
α
K−
i
2
ΨKγ
α
)
3m˜ταβ
i
uKIu
∗
IJ︸ ︷︷ ︸
=δKJ
(
Π
β
J +
i
2
γβΨJ
)
+mΨK uKIu
∗
IJ︸ ︷︷ ︸
=δKJ
ΨJ
=
(
Π
α
K−
i
2
ΨKγ
α
)
3m˜ταβ
i
(
Π
β
K +
i
2
γβΨK
)
+mΨKΨK .
Again, the corresponding locally gauge-invariant Hamiltonian H3,D is found by
adding the gauge Hamiltonian Hg from Eq. (62)
H3,D =
(
piαI −
i
2
ψ Iγ
α
)
3m˜ταβ
i
(
pi
β
I +
i
2
γβ ψI
)
+mψIψI
− 1
4
p
αβ
JK pKJαβ + ig
(
piαK ψJ−ψK pi
α
J + p
αβ
JI aIKβ
)
aKJα . (65)
The correlation of the canonical momenta pi
µ
I ,pi
µ
I with the base fields ψ I,ψI and
their derivatives follows again from first canonical equation for H3,D
∂ψI
∂xµ
=
∂H3,D
∂pi
µ
I
=
3m˜τµβ
i
(
pi
β
I +
i
2
γβ ψI
)
+ igaIJµψJ
∂ψ I
∂xµ
=
∂H3,D
∂pi
µ
I
=
(
piαI −
i
2
ψ Iγ
α
)
3m˜ταµ
i
− igψJ aJIµ . (66)
Inserting ∂ψI/∂x
µ and ∂ψ I/∂x
µ into Eq. (63), we encounter the related locally
gauge-invariant Lagrangian L3,D in the intermediate form
L3,D =−
1
4
p
αβ
JK pKJαβ +pi
α
I
3m˜ταβ
i
pi
β
I − (m− m˜)ψIψI , (67)
with the momenta piαI ,pi
β
I determined by Eqs. (66). We can finally eliminate the mo-
menta of the base fields in order to expressL3,D completely in Lagrangian variables.
To this end, we solve Eqs. (66) for the momenta
3m˜ταβ
i
pi
β
I =
∂ψI
∂xα
− igaIKαψK +
im˜
2
γα ψI
piαI =
(
∂ψ I
∂xβ
+ igψJaJIβ −
im˜
2
ψIγβ
)
iσβ α
3m˜
.
Then
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piαI
3m˜ταβ
i
pi
β
I
=
(
∂ψ I
∂xα
+ igψJaJIα −
im˜
2
ψ Iγα
)
iσαβ
3m˜
(
∂ψI
∂xβ
− igaIKβ ψK +
im˜
2
γβ ψI
)
.
Inserting this expression into (67) yields the final form of the locally gauge-invariant
Dirac Lagrangian
L3,D =
(
∂ψ I
∂xα
+ igψJaJIα −
im˜
2
ψ Iγα
)
iσαβ
3m˜
(
∂ψI
∂xβ
− igaIKβ ψK +
im˜
2
γβ ψI
)
− 1
4
p
αβ
JK pKJαβ − (m− m˜)ψ IψI .
After expanding, this Lagrangian writes equivalently
L3,D =
i
2
ψ Iγ
α
(
∂ψI
∂xα
− ig aIKα ψK
)
−
i
2
(
∂ψ I
∂xα
+ igψJaJIα
)
γα ψI−mψIψI
+
(
∂ψ I
∂xα
+ igψJaJIα
)
iσαβ
3m˜
(
∂ψI
∂xβ
− ig aIKβ ψK
)
− 1
4
p
αβ
JK pKJαβ . (68)
The sums in parentheses can be regarded as a generalized “minimum coupling rule”
for the actual case of a Dirac Lagrangian describing an N-tuple of spinors ψI . This
also applies for the term involving σαβ in Eq. (68) that emerges in addition to
the conventional gauge-invariant Lagrangian if we start from the “regularized” La-
grangian from Eq. (27). This term is easily shown to be separately form-invariant
under the combined local gauge transformation that is defined by Eqs. (42) and (48).
Since the bilinear covariant ψJσ
αβ ψI transforms as a (2,0)-tensor, it is in particular
also Lorentz-invariant. Physically, the term describes Pauli-coupling of the N-tuple
of fermions ψI with the matrix of bosonic 4-vector gauge fields aIKµ .
The pKJ stand for the combinations of the Lagrangian dynamical variables of the
gauge fields from Eq. (61) that apply to all systems
pKJαβ =
∂aKJβ
∂xα
−
∂aKJα
∂xβ
+ ig
(
aKIβ aIJα − aKIα aIJβ
)
.
In order to set up the Euler-Lagrange equations for the locally gauge-invariant La-
grangian L3,D from Eq. (68), we first calculate the derivatives
∂
∂xα
∂L3,D
∂ (∂α ψ I)
=−
i
2
γα
∂ψI
∂xα
+
iσαβ
3m˜
(
✚
✚
✚
✚∂ 2ψI
∂xα ∂xβ
− ig
∂aIKβ
∂xα
ψK− igaIKβ
∂ψK
∂xα
)
∂L3,D
∂ψ I
=
i
2
γα
∂ψI
∂xα
−mψI+ gaIKαγ
α ψK
+
iσαβ
3m˜
ig
(
aIKα
∂ψK
∂xβ
− igaIJαaJKβ ψK
)
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and
∂
∂xβ
∂L3,D
∂
(
∂β ψI
) = i
2
∂ψ I
∂xβ
γβ +
(
✚
✚
✚
✚∂ 2ψ I
∂xα ∂xβ
+ ig
∂ψK
∂xβ
aKIα + igψK
∂aKIα
∂xβ
)
iσαβ
3m˜
∂L3,D
∂ψI
=−
i
2
∂ψ I
∂xα
γα −mψI + gψKγ
αaKIα
+ ig
(
∂ψK
∂xβ
aKIα − igψKaKJαaJIβ
)
iσαβ
3m˜
.
The second derivative terms drop out due to the skew-symmetry of σαβ . The Euler-
Lagrange equations thus finally emerge as
iγα
∂ψI
∂xα
+ gγαaIKα ψK−mψI+
g
6m˜
pIKαβ σ
αβ ψK = 0
i
∂ψ I
∂xα
γα − gψKaKIα γ
α +mψI−
g
6m˜
ψKσ
αβ pKIαβ = 0. (69)
We observe that our gauge-invariant Dirac equation contains an additional term that
is proportional to pIKαβ , hence to the canonical momenta of the gauge fields aIKα .
This term is separately gauge invariant. We thus encounter the description of the
coupling of the anomalous magnetic moments of the fermions to the gauge bosons,
ie., a spin-gauge field coupling.
For the case of a system with a single spinor ψ representing a fermion of mass
m, hence for the U(1) gauge group, we may set m˜= m. The locally gauge-invariant
Dirac equation reduces to
iγα
∂ψ
∂xα
+ gγαaα ψ−mψ +
µ
3
(
∂aβ
∂xα
−
∂aα
∂xβ
)
σαβ ψ = 0,
with µ = g/2m the particle’s magneton. The equation is obviously invariant under
the combined gauge transformation of base and gauge fields
aµ(x) 7→ Aµ(x) = aµ(x)+
1
g
∂Λ(x)
∂xµ
, ψ(x) 7→Ψ(x) = ψ(x)eiΛ(x),
with the spin-gauge field coupling term being separately gauge invariant. Here, the
additional term corresponds to a coupling of the electromagnetic field with the spin-
induced magnetic moment of the fermion represented by ψ , commonly referred to
as “Pauli-coupling” term. It is remarkable that Pauli interaction necessarily emerges
in the context of the Hamiltonian formulation of gauge theory. In the Lagrangian
description, we encounter this term only if the minimum coupling rule is applied to
the regularized Lagrangian from Eq. (27).
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4.3.4 Comparison with Pauli’s amended Lagrangian
In this context, we remark that the Pauli-coupling term in the field equations (69)
equally follows from the amended Dirac Lagrangian
L3,Pauli =
i
2
ψ Iγ
α
(
∂ψI
∂xα
− ig aIKα ψK
)
−
i
2
(
∂ψ I
∂xα
+ igψJaJIα
)
γα ψI−mψIψI
± 1
2
ℓψJ pJKαβ σ
αβ ψK−
1
4
p
αβ
JK pKJαβ (70)
if we identify the coupling constant ℓ[L] with ℓ= g/m. The addition of the term pro-
portional to ℓ was proposed by Pauli[8]. Setting up the field equation for the charge
conjugate solution ψ I , the sign of ℓ must taken to be negative. We may directly con-
vince ourselves that the gauge-invariant Lagrangian from Eq. (68) and the amended
Lagrangian (70) yield the same Pauli-coupling contributions to the classical field
equations for both the ψI ,ψ I as well as for the gauge fields aJKµ
Lint,Pauli =±ℓψI
(
∂aIJβ
∂xα
+ igaIKβ aKJα
)
σαβ ψJ
Lint =−
ℓ
ig
(
∂ψ I
∂xα
+ igψJaJIα
)
σαβ
(
∂ψI
∂xβ
− ig aIKβ ψK
)
.
The interaction Lagrangian Lint,Pauli defines a non-minimal coupling. In contrast,
with the locally gauge-invariant Lagrangian L3,D from Eq. (68) containing the
term Lint, we have derived a description of Pauli coupling that conforms with the
minimal-coupling rule.While both Lagrangians yield the same contributions to clas-
sical field equations, the subsequent interaction vertex factors are different. As the
Pauli-coupling termLint obeys the minimum coupling rule and follows from canon-
ical gauge theory rather than being postulated, we may expect the interaction La-
grangianLint to be the correct one. This is essential for the description of Pauli-type
coupling effects in both QED as well as in QCD, where strong interactions of the
colorless baryons and mesons arise from their nature being composed of colored
quarks.
5 Conclusions
With the present paper, we have worked out a consistent local inertial frame descrip-
tion of the canonical formalism in the realm of covariant Hamiltonian field theory.
On that basis, the Noether theorem as well as the idea of gauge theory — to amend
the Hamiltonian of a given system in order to render the resulting system locally
gauge invariant — could elegantly and most generally be formulated as particular
canonical transformations.
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